@ KASU JOURNAL OF MATHEMATICAL SCIENCES

Bayesian Estimation of a Shape Parameter of a Weibull-Lomax
Distribution Using Non-Informative Priors

“IMohammed Abubakar Usman and 2Baba Bukar Alhaji
“IDepartment of Computer Science, School of General and Applied Sciences Shehu Idris College of
Health Sciences and Technology, Makarfi Kaduna.

2Department of Mathematical Sciences, Nigerian Defence Academy, Kaduna
Corresponding Author: muhammadabuothman@gmail.com

Abstract

The Weibull-Lomax Distribution has several applications in the areas of sur-vival analysis, especially
where survival chances of an event decrease with time. It has positive skewness and has been found to
perform better than most family of Lomax distributions such as Lomax, Gamma-Lomax, Beta-Lomax,
exponenciated-Lomax distributions. In this study, the shape parameter of the Weibull-Lomax
Distribution is estimated using the Bayesian approach under two non-informative prior distributions.
The non-informative priors considered are the Uniform and Jeffrey’s prior distributions. The squared
error loss function (SELF), Quadratic loss function (QLF) and precautionary loss function (PLF) are
used to derive the Bayesian estimators under each prior. the posterior distribution of the shape parameter
of the Weibull-Lomax distribution . Furthermore, using simulation studies, the estimates are compared
with the classical method (such as maximum likelihood) by employing biases and Mean Square Errors
(MSEs). The result shows the Bayesian approach using Quadratic Loss Function (QLF) under both
Uniform and Jeffrey’s priors produced the best estimates for the shape parameter.

Keywords: Weibull Distribution, Lomax Distribution, Bayesian Maximum likelihood, Shape parameter.

1. Introduction

Estimation of parameters can be viewed in two main philosophical approaches. The classical
and the Bayesian approaches. In classical or frequentist approach, the parameters are
considered to be fixed, where as in the Bayesian paradigm, the parameters are view as unknown
random variables. However, in many real life situations represented by lifetime models, the
parameters cannot be treated as constant throughout the life-testing period and hence the need
for Bayesian estimation for life time models. Bayesian inference has found application in a
wide range of activities, including Science, Engineering, Philosophy, Medicine, Sport and
Law. In the philosophy of decision theory, Bayesian inference is closely related to subjective
probability, often called ‘Bayesian probability’ in which we combine new information that is
available with the prior information we have, to form the basis for the statistical procedures. A
prior distribution is said to non-informative if we have a little or no information a priori, about
the distribution of the parameter we wish to estimate. This has little impact on the posterior and
allows the data to speak for themselves. The non-informative priors considered in the research
are the uniform and Jeffrey’s’ priors. Tahir et al. (2015) introduced a new model called the
Weibull-Lomax distribution that extends the Lomax distribution. Various statistical properties
of the new distribution were derived. The model parameters were estimated by the method of
maximum likelihood and the observed information matrix was determined. The potentiality of
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the new model was illustrated by means of two real life data sets. For these data, the new model
outperformed the McDonald-Lomax, Kumaraswamy-Lomax, gamma-Lomax, beta-Lomax,
exponentiated Lomax and Lomax models (see Tahir et al. (2015)). Aliyu and Yahaya. (2016)
studied the scale parameter of generalized Rayleigh distribution under non-informative prior.
Extended Jeffrey’s prior with three loss functions namely; Entropy Loss Function,
Precautionary Loss Function, Squared Error Loss Function were used. The method of
maximum likelihood (MLE) was also employed Extensive Monte Carlo simulations was
carried out to compare the performances of the Bayes estimates with that of MLEs. It was
observed that the estimate under the Entropy loss function is more stable than the estimates
under squared error loss function, Precautionary loss function and MLEs. Ahmad et al. (2016)
in their study compared the classical and non-classical methods of estimation for a Nakagami
distribution. The frequentist method of maximum likelihood estimator was obtained.The
Bayesian estimation method was also used in order to estimate the scale parameter of
Nakagami distribution by using Jeffreys’, Extension of Jeffreys’, and Quasi priors under three
different loss functions with a simulation study conducted in R software. leren and Chukwu
(2018) employed three different lose functions in the Bayesian esti-mation of a Shape
Parameter of the Weibull-Frechet Distribution. For other Bayesian estimation of various
distributions, see the following; Himanshu and Arun (2009), Dey and Maiti (2010), Preda et
al. (2010), Sanku (2010), Sanku and Tanujit (2011), Sajid et el. (2012), Navid and Muhammad
(2012), Feroze (2012), Almutairi and Heng (2012), Dey et al. (2013), Azam and Ahmad (2014),
Wasif and Navid (2015), Wajiha and Muhammed (2015), Gupta and Singh (2017), Gupta
(2017), leren and Oguntunde (2018), Mabur et al (2018), Eraikhuemen et al.
(2020a),Eraikhuemen(2020), among others.

1.1 Motivation

When using Bayesian method of estimation, we combine any new information that is available
with the prior information to form the basis for statistical inference. Tahir et al. (2015)
developed and studied an extension of the Lomax distribution called Weibull-Lomax
distribution with four parameters. Many important properties of this distribution were
extensively derived and discussed with applications to real life data sets. Tahir et al. (2015)
demonstrated that the Weibull-Lomax distribution is a flexible model and performed better
than some existing forms of the Lomax distribution such as McDonald-Lomax,
Kumaraswamy-Lomax, Gamma-Lomax, Beta-Lomax, Exponentiated-Lomax and Lomax
Distributions. The model has wider application in areas such as engineering, survival and
lifetime data, hydrology, economics (income inequality) and others. The flexibility and
performance of the model has motivated us to estimate the shape parameter of the Weibull-
Lomax distribution proposed by Tahir et al. (2015) using Bayesian approach and compare the
results with the classicalapproach of estimation of Tahir et al. (2015). This paper is organized
as follows: In Section 2, the Weibul Lomax Distribution is defined and the Classical and the
Bayesian approaches to estimations of the distribution are de- rived. In Section 3, we discussed
the simulation set up for the study. Section 4 presents analysis and results of the study, and
finally we conclude the study in Section 5 with future research and contribution of the study.
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2 Materials and Methods

21 The Weibull-Lomax Distribution

According Tahir et al. (2015), the probability density function (pdf) and the cumulative
distribution function (cdf) of the Weibull-Lomax distribution are respectively given by;

] N (TR0 I N o
and
Fi)=1- e_a<[1+(%)]6_1> ;x> 0,a,8,05>0 )

Where f is the scale parameter, and a, 6 and x are the shape parameters of the Weibull-
Lomax distribution. Our interest in this study is to estimate only the shape parameter «, as the
other shape parameters share the same properties in the distribution.

2.2 Maximum Likelihood Estimation Method

Given as x4, x5, -+, x, @ random sample from a population X with probability density function
f (%), the likelihood function, L(X/a, B, 6,x) isdefined to be the joint density of the random
sample x4, x5, -+, x,,. The likelihood function of (2) is given by:

L(X/a,B,0,%) = (‘%‘))n e, 1+ (%)]w_1 x| 1-[1+

e O o

B

Let the likelihood function with respect to « be, L (X /), therefore

9 x
n A |
L(K/a) e ane_a l=1([1+(,8)] 1)
Let the log-likelihood function with respect to a be [ = logL (X /) therefore,

l =nloga —adl, <[1 + (%)]6 - 1)x 4)

Differentiating (4) partially with respect to «, the parameter of interest, and solving for &
gives:

e (O R e ®

2.3 Posterior Distributions

Assuming that the values x = (x4, x,, -**, x,,) are obtained independently, the likelihood
function is given by:

103



L(a | X) = P((lexZ'"'an | a)) = H?=1P(Xi/a)

To obtain the posterior distribution P(a | x), the probability distribution of the parameters
once the data has been observed, we apply Bayes’ Theorem

_ p@L(alX)
p((a1X) = [P p@L(alX)da (6)

Where p(a) and L( a| )_() are the prior distribution and the likelihood function respectively.

2.4 Posterior Distribution of the Shape Parameter under the Assumption of Uniform
Prior
The uniform prior (non-informative prior) relating to the shape parameter « is defined as

pl@) x1,0< a <o @)

The posterior distribution under uniform prior can be derived from (6). The likelihood
function of the WLD in (3) for the shape parameter yields:

_a2?=1<[1+(%)]9_1)>\

L(a|)_()o<a”e (8)
Now, let
K [ p(@L(a|X)da ©)

by substitution we have:
18 \O
© —aXni(|1+(F)] -1
Ki= [, a"e ’ <[ G ) da
(10)
Evaluating the integral we obtain the following:

I'(n+1)

(Z’al Gl ! (%)r 1)/\)“] (11)

Substituting (7), (8) and (11) into (6) and simplifying, we obtain the posterior distribution
under uniform prior as follows:

Ky =

ne @S (1) 1)
I'(n+1)

(Z;Ll([1+(%)]ﬁ 1)A>

o oS i+ 1)
p(Q|X) - (n+1)

«

plalX) =

n+1

(12)
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2.5 Posterior Distribution of the Shape Parameter under the Assumption of Jeffery’s
Prior

As another non-informative prior, the posterior distribution under Jeffery’s prior is obtained
as follows:

p(a) 1-0< <
plov oca, a < 00 (13)

The likelihood is given in (14) below,

A

L(XJa) oc e “ () (14)

To obtain the posterior distribution of the shape parameter ¢ for a given data defined in (6)
and (9) using Jeffery’s prior in (4) is as follows:
Solving for K, we have;

[e’e] " x; ] A
K, = / a™ le G'Z'izl([lﬂ?)] 1) dov
Jo (15)

Evaluating the integration in (14), we obtain the following:
I'(n)

(Z?’—l ([1 + (%"J]H 1>A) (16)

Substituting for (13), (14), and (15) in equation (6) and simplifying, we obtain the posterior
distribution under Jeffery’s prior as follows:

I{Q -

v l(ln,e (.VZ’L?‘:I({1+(%)]0 1))\

p((l‘X) = — I'(n)

RIS}

n

0 A w10 A A
" I(ZL 1] 1 ) e *Ta (4] )
I G

I'(n) (17)

2.6 Bayesian Estimation under Uniform Prior Using Three Loss Functions

Here, we estimate the shape parameter of the WLD under three loss functions using the
posterior distribution obtained from the uniform prior. A Loss function, L(a, asg;r) is that
which describes the losses incurred by making an estimate @ of the true value of the
parameter is a.

2.6.1 Squared Error Loss Function (SELF)
The squared error loss function relating to the shape parameter is defined from Azam and
Ahmad (2014) as:

L(a, asgrr) = (@ — asprp)?
(18)
Where agg, r IS the estimator of the parameter a under SELF.
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The derivation of Bayes’ estimator using SELF under uniform prior is obtained as:
asprr = E(a) = E(“ | )_()

ElalX) = / aP(a|X)da
(a[X) ) (a]X) 19)
The posterior distribution with uniform prior in (12),

axtu([i()
P(alX)=—" ([ ](2

(oG ) ) e

X

e

o)) O

r(n+1)

Substituting for P(a | X) in (19) we have:

o | 2= 7 H /\ nHe o ([rrz)” 1)
E(GX):/OO a” (ZL ({lJr(" )} 1) )

0 [(n+1)

o (2?_1 ([r+ ] 1) )

o0 n Zi ¢ *
/ a" e QZf:l([H_( 2l ]) do - (20)
['(n+1) J0

Solving out the integral in (20), we obtain the following:

do

I'(n+2)

C(n+1) Y0, ([1 + (%)]9 1)\

ASELF = E(Q’m) =

QSELF = E((¥|X) =

i ([1 +)] I)A (21)

2.6.2 Quadratic Loss Function (QLF)
The quadratic loss function as defined from Azam and Ahmad (2014) as:

2
L(@:@QLF) = (a QQ“J)

«

(22)

Where a, £ is the estimator of the parameter a under QLF.
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L _E@Y_E@'X)
G By Bl 2X)

Fla 'X :/ma "Pla|X)da
(@ X)= [ o PfX) -
The posterior distribution with uniform prior in (12) and substituting P(a | K) in equation
(23), we have:

A n+1 o N
. (Z::-l (] 1) ) e @Zn ()" )
E(a 'IX) ,/0 o I'(n+1) da
P A\ ntl
(z;;l (] 1) ) ) o
Blo 'X) = T(n+ 1) /o ot e o i [+ 1) do (24)
solving the integral in (24); we obtain the following:
1 zgl(ﬁ+(%ﬂ Q I(n)
E(a '|X) = NCEY (25)
Similarly,
Em|m£ o 2P(a|X)da o6

The posterior distribution with uniform prior in (12) and substituting P(a | K) in equation

(26), we have:
) A n+1 ) e N
Cefon (e )
E(a 2|X)=/ a’?

dc
0 [(n+1) “

T

T o "\
e 1) (ZFl ([ (F)] 1) ) ./Oman. I o, (3]’ I)Ada (27)

I'(n+1)

solving the integral in (12), we obtain the following:

['(n+1) (28)

But
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This implies that

Z:?_l(:w(%):@ 1)AF(’H) (Z?l([”(?)r IY)QF(” !V
qur = Tt 1) N (n+1)
Yiea (1 +(3)] 9 1)A tn) I(n+1)
_ n+1) X(Z?—l([l“%)r 1)A)F(n 1
) )
(ZL([H(?JT 1)/\) (n 1)
n 1

(zzu (]

SN—
S
S——

(29)

2.6.3 Precautionary Loss Function (PLF)

The precautionary loss function (PLF) introduced by Norstrom (1996) is an asymmetric loss
function and is defined from Azam and Ahmad (2014) as:

(aprr @)

Larr,a) = o (30)

Where ap, r is the estimator of the parameter @ under PLF. Similarly, the derivation of
Bayes estimator using PLF under uniform prior is obtained as follows:

apLr = {B(0)}? = {B(?|X)}? = VE(2X)

B@X) = [ aPlalX)d o
0 31

The posterior distribution with uniform prior in (12) and substituting p(a | X) in equation

(31), we have:
(= (fve]” 1))
E(e?|X) = ( : )

(
L(n+1)

n+1

. N 2010 1\
/ o 2e 025:1([1"‘( & )} 1) dev (52)
JO

Similarly, solving the integral in (32), we obtain the following:

['(n+3)

(Z‘;‘_l ([+e)’ 1)) )

B(a?|X) =
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I'(n+3)

(zg(bumr szm+n

[(n+2)(n+ 1)15 .
PO ([1 + (7)} 1) (33)

2.7 Bayesian Estimation under Jeffery’s Prior Using Three Loss Functions
2.7.1 Squared Error Loss Function (SELF)

The derivation of Bayes estimator using SELF under Jeffrey’s prior follows from the Bayes
estimator using SELF under uniform prior given in equations (18) and (19). Consider the posterior
distribution under the Jeffrey’s prior in (17). Substituting (17) into (19), evaluating the integral in
the expression, we obtain the Bayes estimator using SELF under Jeffrey’s prior as:
OsELF = E(“ | )_() = -

([ 1)

2.7.2 Quadratic Loss Function (QLF)
The derivation of Bayes estimator using QLF under Jeffrey’s prior follows from the Bayes
estimator using QLF under uniform prior given in equations (23). Consider the posterior
distribution under the Jeffrey’s prior in (17). Substituting (17) into (23), evaluating the integral in
the expression, we obtain the Bayes estimator using QLF under Jeffrey’s prior as:
n-2

AoLF = — (35)

([ G )
2.7.3 Precautionary Loss Function (PLF)
Similarly, the derivation of Bayes estimator using PLF under Jeffrey’s prior follows from the
Bayes estimator using PLF under uniform prior given in equations (31). Consider the posterior
distribution under the Jeffrey’s prior in (17). Substituting (17) into (31), evaluating the integral in
the expression, we obtain the Bayes estimator using QLF under Jeffrey’s prior as:

apip = (E@)} = RS (36)
i [+ ) 1) o

bI|=

aprr = {E(0*)}? =

(34)

3. Simulation Study

In this study, we generate random numbers from the Weibull-Lomax distribution with different
values of shape and scale parameters to investigate the performance of the estimators, priors and
loss functions. The Maximum Likelihood estimates, Bayesian estimates were obtained under a
reasonably high number of replications, different sample sizes were used to investigate the
performance of the estimators in relation to their biases and mean squared errors as well as the
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sample sizes. The performance of the two methods was evaluated using the following performance

measures:

Bias (Absolute) = % e —al

and Mean Square Error,
1 ~

(37)

Where & is the estimate of « (the shape parameter) from the i simulated data and N is the
number of Monte Carlo samples. The criteria for selection of best fit is that the estimate with the
lowest bias and MSE will be considered as the best.

4 Analysis and Results

We compute empirically, the estimators derived using simulated data from the Weibull-Lomax
distribution to obtain numerical estimates of parameters which enable us to measure the loss
attached to the value of the estimated parameter against the true value of the shape parameter. We
use simulation to check the performance of the priors and the loss functions. For this purpose we
use different values of shape parameter a by taking different sample sizes. We generate random
sample of size n = (10,15,65,95) from WLD using different parameter values. The following
tables present the results of our simulation study by listing the estimates of the shape parameter
under the appropriate estimation methods such as the Maximum Likelihood Estimation (MLE),
Squared Error Loss Function (SELF), Quadratic Loss Function (QLF), and Precautionary Loss

Function (PLF) under both Uniform and Jeffrey prior.

Tablel: Estimates Biases and Mean Squared Errors based on different sample sizes where a =

1,A=16=10and 8 =1.0

Sample Sizes Measures MLE Uniform Prior Jeffery’s Prior

SELF QLF PLFSELF QLF PLF
10 Estimate 1.1056 1.2161 0.9950 1.2702 1.1056  0.8845 1.1595
BIAS 0.1056 0.2161 0.0050 0.27020.1056  0.1155  0.1595
MSE 0.1634 0.2309 0.1234  0.27400.1634  0.1108  0.1929
15 Estimate 1.0757 1.1474 1.004 1.1827 1.0757  0.9322 1.1109
BIAS 0.0757 0.1474 0.004 0.1827 0.0757  0.0678  0.1109
MSE 0.0976 0.1262 0.080 0.14440.0976  0.0736  0.1103
65 Estimate 1.0138 1.0294 0.9982 1.03721.0138  0.9826 1.0216
BIAS 0.0138 0.0294 0.0018 0.03720.0138 0.0174  0.0216
MSE 0.0166 0.0178 0.0159 0.01850.0166  0.0157  0.0171
95 Estimate 1.0123 1.0230 1.0017 1.02831.0123  0.9910 1.0176
BIAS 0.0123 0.0230 0.0017  0.02830.0123  0.0090 0.0176
MSE 0.0111 0.0117 0.0107  0.01210.0111 0.0106  0.0114
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From Table 1 we can see that the estimator using QLF is better than the other estimators under
both Uniform and Jeffrey priors with smaller values of bias and MSE irrespective of the variation
in the samples. Hence, the Bayesian estimation (using QLF under Uniform and Jeffrey prior) for
this parameter is better than Method of Maximum Likelihood estimation (MLE) for the chosen
parameter values irrespective of small, medium or large sample sizes.

Table 2: Estimates, Biases and Mean Squared Errors based on different sample sizes where
a=251=10,6=05andf =05

Sample Sizes Measures MLE Uniform Prior Jeffery’s Prior
SELF QLF PLFSELF QLF PLF
10 Estimate 2.7639 3.0403  2.4875  3.17552.7639  2.2111  2.8988

BIAS 0.2639 0.5403 0.0125  0.67550.2639 0.2889  0.3988
MSE 1.0213 1.4434 0.7710 1.71251.0213 0.6925 1.2059
15 Estimate 2.6892 2.8684  2.5099 2.9567 2.6892 23306  2.7774
BIAS 0.1892 0.3684 0.0099  0.4567 0.1892 0.1694  0.2774
MSE 0.6097 0.7887 0.5000  0.9024 0.6097 0.4598  0.6891
65 Estimate 2.5345 2.5735 2.4955 2.5929 2.5345 2.4565  2.5540
BIAS 0.0345 0.0735 0.0045  0.0929 0.0345 0.0435  0.0540
MSE 0.1036 0.1109 0.0993  0.1158 0.1036 0.0981  0.1069
95 Estimate 2.5308 2.5575 2.5042 2.5708 2.5308 24776 25441
BIAS 0.0308 0.0575 0.0042  0.0708 0.0308 0.0224  0.0441
MSE 0.0692 0.0730 0.0669  0.0755 0.0692 0.0659  0.0710

Table 2 also gives a similar pattern of the result found in Table 1 with lower values of biases and
MSE for the estimators using QLF under both Uniform and Jeffrey prior. This result indicates that
QLF under Jeffrey prior produces the best estimates followed by QLF under Uniform prior and
these performances are found to be consistent irrespective of the different sample sizes used.

Table3: Biases and Mean Squared Errors based on different sample sizes where a = 2.5, 1 =
1.0,6 = 0.5and g = 5.0

Sample Sizes Measures MLE Uniform Prior Jeffery’s Prior
SELF QLF PLFSELF QLF PLF
10 Estimate 2.7639 3.0403 2.4875 3.1755 2.7639 2.2111 2.8988

BIAS 0.2639 0.5403 0.0125 0.67550.2639  0.2889  0.3988
MSE 1.0213 1.4434 0.7710 1.71251.0213  0.6925 1.2059
15 Estimate 2.6892 2.8684 2.5099 2.9567 2.6892 23306  2.7774

BIAS 0.1892 0.3684 0.0099  0.45670.1892  0.1694  0.2774
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65

95

MSE 0.6097 0.7887
Estimate 2.5345 2.5735
BIAS 0.0345 0.0735
MSE 0.1036 0.1109
Estimate 2.5308 2.5575
BIAS 0.0308 0.0575
MSE 0.0692 0.0730

0.5000
2.4955
0.0045
0.0993
2.5042
0.0042
0.0669

0.9024 0.6097
2.5929 2.5345
0.0929 0.0345
0.1158 0.1036
2.5708 2.5308
0.0708 0.0308
0.0755 0.0692

0.4598
2.4565
0.0435
0.0981
2.4776
0.0224
0.0659

0.6891
2.5540
0.0540
0.1069
2.5441
0.0441
0.0710

Again from Table 3 it is obvious that QLF (under Jeffrey prior) yielded the best estimate for the
shape parameter despite the changes in the sample sizes. This performance is still true of QLF
(under Uniform prior) despite the variations in sample sizes.

Table 4: Estimates, Biases and Mean Squared Errors based on different sample sizes
where « = 2.5, =1.0,6 =5.0and 8 = 0.5

Sample Sizes Measures MLE

Uniform Prior

Jeffery’s Prior

SELF QLF PLFSELF QLF PLF
10 Estimate 2.7639 3.0403 24875  3.17552.7639  2.2111 2.8988
BIAS 0.2639 0.5403 0.0125 0.67550.2639  0.2889  0.3988
MSE 1.0213 1.4434 0.7710 1.71251.0213  0.6925 1.2059
15 Estimate 2.6892 2.8684  2.5099  2.9567 2.6892 2.3306 2.7774
BIAS 0.1892 0.3684 0.0099  0.4567 0.1892 0.1694  0.2774
MSE 0.6097 0.7887 0.5000  0.9024 0.6097 0.4598  0.6891
65 Estimate 2.5345 2.5735 24955 2592925345  2.4565 2.5540
BIAS 0.0345 0.0735 0.0045  0.0929 0.0345  0.0435  0.0540
MSE 0.1036 0.1109 0.0993  0.11580.1036  0.0981  0.1069
95 Estimate 2.5308 2.5575  2.5042 25708 2.5308  2.4776 2.5441
BIAS 0.0308 0.0575 0.0042 0.0708 0.0308  0.0224  0.0441
MSE 0.0692 0.0730 0.0669  0.07550.0692 0.0659  0.0710

Again from Table 4, it is revealed that QLF (under Jeffrey prior) has the best estimate for the
shape parameter despite the changes in parameter values and the sample sizes.
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Table5: Biases and Mean Squared Errors based on different sample sizes where ¢ = 5.0, 1 =
1.0,6 = 0.5and g = 0.5

Sample Sizes Measures MLE Uniform Prior Jeffery’s Prior
SELF QLF PLFSELF QLF PLF
10 Estimate 5.5278 6.0806 49750  6.35105.5278  4.4223  5.7976

BIAS 0.5278 1.0806 0.0250 1.35100.5278  0.5777  0.7976
MSE 4.0851 5.7736 3.0839  6.84984.0851  2.77/00  4.8234
15 Estimate 5.3783 5.7369 5.0198  5.91345.3783  4.6612  5.5547
BIAS 0.3783 0.7369 0.0198  0.91340.3783  0.3388  0.5547
MSE 2.4388 3.1550 2.0002 3.6096 2.4388 1.8391 2.7564
65 Estimate 5.0691 5.1471 49911  5.18595.0691 49131  5.1079
BIAS 0.0691 0.1471 0.0089  0.18590.0691  0.0869  0.1079
MSE 0.4142 0.4438 0.3970  0.46310.4142 0.3922  0.4274

95 Estimate 5.0617 5.1149 5.0084  5.14155.0617  4.9551  5.0882
BIAS 0.0617 0.1149 0.0084  0.14150.0617 0.0449  0.0882
MSE 0.2770 0.2922 0.2675  0.30190.27/0  0.2638  0.2838

The above Table 5 also shows that Jeffrey prior with QLF gives us better estimates for the shape
parameter, based on all the results presented in the tables, we can conclude that Bayes estimates
using Quadratic loss function (QLF) under Jeffrey prior as well as QLF using Uniform prior are
associated with minimum biases and MSE when compared to those obtained using MLE, SELF
and PLF under Jeffrey prior and Uniform prior irrespective of the parametric values as well as the
allocated sample sizes of n = 10,15,65 and 95.

5 Conclusion

In this work, we obtain Bayesian estimators of the shape parameter of Weibull-Lomax
Distribution. Using Uniform and Jeffrey priors, we derived the Posterior distributions of this
parameter. Using three loss functions under the two prior distributions we also derived Bayes
estimators. The three loss functions taken up are Squared Error Loss Function (SELF), Quadratic
Loss Function (QLF) and Precautionary Loss Function (PLF). The performance of these estimators
is assessed on the basis of their relative Biases and mean square errors. Monte Carlo Simulations
are used to compute the estimates and the results are compared. It is discovered that using the
Quadratic Loss Function (under Jeffrey prior) produces the least measures of bias and MSE,
followed by the Quadratic Loss Function (under Uniform prior) then the Sqaure Error Loss
Function, MLE and lastly the PLF under both Uniform and Jeffrey priors irrespective of the
parameter values and differences in sample size. We found that Bayesian Approach using
Quadratic Loss Function (QLF) under both Uniform and Jeffrey priors produces the best estimates
of the parameter of interest compared to estimates using Maximum Likelihood approach, Squared
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Error Loss Function (SELF) and Precautionary Loss Function (PLF) under both Uniform and
Jeffrey priors irrespective of the values of the parameters and the different sample sizes.
This research article, we are able to achieved the following:

1. We derived the posterior distributions of the shape parameter of WLD assuming Uniform and
Jeffrey priors using SELF, QLF and PLF.

2. We obtained the Estimates, Biases and Mean Square Errors of the posterior distributions of the
shape parameter mathematically and empirically using Monte Carlo simulation techniques.

3. Following the comparative analysis of this study, we were able to establish that the shape
parameter of the WLD can best be obtained using the method of Bayesian estimation using
Quadratic Loss Function under the assumption of Jeffrey and Uniform prior.

As a future research, the study can look at the following:

1. The estimation of the same parameter using some other priors and loss functions.

2. Compare some other classical methods besides MLE with Bayesian approach base on different
prior distributions and loss functions on the same parameter of the same distribution.

3. Estimate the shape parameter(s) of the WLD using some appropriate methods.
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